1. Introduction. Let (1.1) w= fiz) = z + a2z2 + ■ ■ ■ + anz" + -■ ■ be regular in \z\ <1 and real valued if and only if z is real and -1<2<1. Then/(z) is said to be typically-real in the unit circle. Rogosinski [3] has shown that a necessary and sufficient condition for a regular function/(z) in \z\ <1, where /(0) =0, /'(0) = 1, to be typically-real is that (1.2) fiz) = --^-0(z), ^(0) = 1, 1 -z2 where qb(z) is regular, real for real z, and has positive real part for \z\ <1. Furthermore, if «/=/(z) maps each circle \z\ =r<l into a contour having the property that every line parallel to the imaginary axis cuts this contour in at most two points, then f(z) is said to be convex in the direction of the imaginary axis. A necessary and sufficient condition that f(z) be convex in the direction of the imaginary axis is that zf'(z) be typically-real in the unit circle [l; 2]. It is the main purpose of this paper to display a connection between typically-real functions on one hand and Stieltjes transforms and continued fractions on the other. To this end consider first a function F(f) which is real valued for real f and regular in the complex plane cut along the negative real axis from -oo to -1. If, further, F(0) =0, F'i0) = l, and Im Fi£)9*0 for nonreal values of f in this cut plane, the function F(f) is said to be typically-real in the cut plane. The class of all such functions F(f) is denoted by T[-oo, -l]. On the other hand, if F(0) = 1 and Re Ftf) >0 for f in this cut plane, we say that F(f) is in the class R[-*>, -l].
If the usual agreements are made regarding the normalization, a similar definition can be given for a function to be typically-real in the complex plane cut along the real axis from a to b such that the cut does not include both 0 and oo. In each case there is a linear fractional transformation with real coefficients which carries such a function into one which, except for the normalization, is in the class T[ -oo, -1 ]. For this reason attention is confined to the latter class. 
is typically-real in the unit circle whenever F(£) is in the class T[ -00, -1 ] and conversely. Thus there is a one-to-one correspondence between the class T[-00, -l] and the class of typically-real functions in the unit circle.
By (1.2) and (2.2) we obtain, after the change of variable (2.1), the following restatement of the cited theorem of Rogosinski:
. F(%) is in T[-°o, -l] if and only if there exists a function $(£■) in the class
where that branch of (1 +f)1/2 is chosen in the cut plane which is positive at£ = 0.
It is known [6, p. 278 The correspondence between the classes under consideration can also be used to characterize typically-real functions in |z| <1 in terms of Schur summability.
For this purpose let giz) = X^°°-=o ci( -%)', Gi^) = E;=o Yy(-f)' be related by
The transformation from the sequence sn = zZ"=o ci to the sequence 5"= zZ%o7> by means of the identity (2.9) is called the (^-transformation.
The sequence {sn} is said to be (S)-summable to the value 5 if 5' = limn^M5n. Scott and Wall [4] have introduced and studied in detail this consistent method of summability. 
It is easily seen that for any two distinct points fi and fo in the upper (lower) half-plane and on the line Re f = -1 there is a constant c0, 0<c0<l, such that F(ft; c0) = F(Z2; c0).
c In order to prove that F(f) is convex in the direction of the imaginary axis, note that by (2.5) (3.2) Im[fF'(f)] = Imf f' * ~ , 7If Ml).
Jo | 1 + f t\4
It immediately follows that fF'(f) is typically-real. This yields the desired result.
It is interesting to note [5] 
The function
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use is typically-real in the unit circle. Moreover, since the derivative of this function vanishes at 2= ± ((2)1'2 -l)i, (4.3) is not univalent in any larger circular domain with center at the origin than that given in Corollary 4.1.
